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This repor t  i s  e s s e n t i a l l y  a review of t h e  measurements r e l a t e d  t o  
t h e  ionosphere u t i l i z i n g  t h e  d i f f e r e n t i a l  Doppler technique. 
A b r i e f  study of t h e  theory i s  presented, i n  which t h e  e r r o r  i n -  
curred i n  measurements of ionospheric e l ec t ron  content,  caused by t h e  
assumption of common-path propagation, i s  shown as a func t ion  of t h e  
zen i th  angle of observation f o r  d i f f e ren t  va lues  of t he  c r i t i c a l  f re-  
quency foF2. 
Same measurements of e lectron dens i t i e s ,  e l ec t ron  content,  h o r i -  
zon ta l  gradients ,  irregularities, and magnetic-storm e f f e c t s  a r e  
discussed. 
d i f f e r e n t i a l  Doppler with t h e  Faraday r o t a t i o n  measurements t o  e s t a b l i s h  
a necessary constant of in tegra t ion  i n  t h e  measurements made with satel- 
l i t es .  
Comments a r e  a l s o  made about t h e  method of combining t h e  
It is  concluded t h a t  t h e  d i f f e r e n t i a l  Doppler technique, wi th  
harmonically related frequencies  t ransmit ted t o  or from rockets  or  
s a t e l l i t e s ,  can provide accurate  information about t h e  e l ec t ron  dens i ty  
o r  e l ec t ron  content of t h e  medium, and t h a t  t h e  knowledge of these  
q u a l t i t i e s  i s  valuable  i n  understanding the morphology of t h e  ionospheric 
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., I. INTRODUCTION 
I n  t h i s  paper w e  w i l l  be concerned with ionospheric measurements 
made u t i l i z i n g  t h e  d i f f e r e n t i a l  Doppler technique. 
When a rad io  wave of frequency f19 emitted from a moving t r a n s -  
m i t t e r ,  propagates through t h e  ionosphere it w i l l  have i t s  Doppler s h i f t  
s l i g h t l y  a l t e r e d  f r o m t h e  free-space value as 2 r e s u l t  of d i spers ion  i n  
t h e  medium. This a l t e r a t i o n  i n  Doppler s h i f t  i s  very small  and can b e s t  
h' 
be  de tec ted  by comparative measurements on two frequencies  f Q  and f 
which were harmonically r e l a t ed  a t  t h e  t ransmi t te r ,  i s e e 7  f1 and 
f = m f l "  2 
"he frequency beat  between f R  and fh/m, o f t e n  c a l l e d  d i f f e r e n t i a l  
Doppler, i s  proport ional  t o  t h e  t o t a l  e l ec t ron  content JN dh i f  t h e  
motion of t h e  veh ic l e  i s  p a r a l l e l  t o  t h e  s t r a t i f i c a t i o n ,  i . e o ,  along a 
sur face  of constant  index of re f rac t ion .  When t h e  vehic le  moves along 
t h e  r ay  path, t h e  bea t  frequeney w i l l  g ive  information about t h e  loca l  
e l e c t r o n  dens i ty .  The intermediate case, v i z , ,  v e l o c i t i e s  with components 
a long t h e  ray  and along t h e  s t r a t i f i c a t i o n ,  w i l l  g ive  a lumped r e s u l t  f o r  
dens i ty  and content .  Thus, i n  pract ice ,  t he  b e s t  r e s u l t s  a r e  obtained 
with veh ic l e s  i n  t r a j e c t o r i e s  r e s t r i c t e d  t o  small zen i th  angles o r  s a t e l -  
l i t e s  i n  c i r c u l a r  o r b i t s .  
/ 
Normally t h e  frequencies  used with t h e  present  technique are con- 
ven ien t ly  chosen t o  permit approximatlons with a f a i r  degree of accuracy, 
as w e  s h a l l  see la ter .  
I n i t i a l l y ,  w e  w i l l  develop the theory on which the  experiment i s  
based and then, following a h i s t o r i c a l  order,  we w i l l  summarize t h e  
messurements made with rockets and f i n a l l y  those with s a t e l l i t e s .  
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11. THEORY 
W e  w i l l  begin by consider ing a medlm i n  which t h e  r e f r a c t i v e  index 
t, and of t h e  ray i s  an a r b i t r a r y  func t ion  of pos i t i on  
and 
de 
s lopes  = p a;; 
s impl i f ica t ions ,  approximations, and s p e c i a l  cases  w i l l  be introduced t o  
avoid undue complications. 
8, a), time 
A s  we go along, t h e  necessary $31 z p s i n  8 a. 
P 
The i n i t i a l  r e s t r i c t i o n s  a r e  t h a t  one endpoint of t h e  ray i s  f i x e d  
a t  t h e  observer 
t h e  ray  index of r e f r a c t i o n  along t h e  ray  path must vanish s a t i s f y i n g  
Fermat s pr inc ip le  
(po t  0, 0) ,  and t h a t  t h e  v a r i a t i o n  of t h e  i n t e g r a l  of 
F I n d s  = O .  ( 1) 
This r e s t r i c t i o n  i s  equivalent  t o  t h e  statement t h a t  we w i l l  be confined 
t o  t h e  domain of r a y  o p t i c s  where w e  have a slowly varying medium. We 
a r e  going t o  apply the  ray theory appropr ia te  t o  an i s o t r o p i c  medium b u t  
use r e f r ac t ive  ind ices  t h a t  a r e  dependent i n  the  presence of t h e  e a r t h ' s  
magnetic f i e l d .  
The phase path length  P may 
t e g r a l  of the index of r e f r a c t i o n  
be represented by t h e  w e l l  known i n -  
v ;  as 
where L extends from t h e  observer t o  t h e  veh ic l e  
element of the r ay  path.  
( c ,  q, E ) ,  ds i s  an 
Since 
( 3 )  
2 
1 + (pde/dp) + ( p  s i n  e [&/dpl) 
or 
ds  = see  x dp (4) 
where 
radial coordinate, we can change t h e  v a r i a b l e  of i n t e g r a t i o n  i n  (2 )  and 
ob ta in  
X i s  t h e  angle  between t h e  d i r e c t i o n s  of t h e  ray  and of t h e  
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It is ais0 pemissf'jle to t ~ i - ~ j  the d~ri-;r;ti~ns to f ~ 2 - 2 . ~ ~  i:: 
dimensions, as done by Kelso [Ref, 13, and extend the  r e s u l t s  t o  t h e  
three-dimensional case. Then 
r 
where 
u = p (p, e ,  et, t )  sec x. (7) 
In  the  appl ica t ions  with which we w i l l  be concerned, t h e  measure- 
ments of instantaneous received Doppler frequency af are given by 
where f l  i s  t h e  t ransmit ted frequency and c i s  t h e  free-space ve l -  
oc i ty  of l i g h t .  
respec t  t o  time w e  have 
Then from (8) and t h e  t o t a l  de r iva t ive  of (6) with 
5 5 
Af = ( f l /c )  d ( /d t )  + (&J/at)  dp + 1 [(&/&) (&/at) 
P=S Po PO 
Also as shown by Kelso [Ref. 11, one can obta in  the  fundamental 
N e r l s  d i f f e r e n t i a l  equation of the calculus  of v a r i a t i o n  by applying 
Fermat's p r inc ip l e  t o  t h e  ray. This w i l l  provide, a f t e r  some algebra,  
t he  following s impl i f ica t ion  t o  Eq,. (9),  
- A  
where 
p = f ,  and p 
( r - v )  i s  t h e  component of t h e  vehic le  ve loc i ty  along t h e  ray a t  
i s  the  value of t h e  index of r e f r ac t ion  a t  the  vehicle .  5 
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I n  t h e  i so t rop ic  
reduces t o  
A f =  
case, t h e  last term of (10) vanishes and t h e  equation 
This equation i s  misleading because it might lead  one t o  assume 
t h a t  t h e  f irst  term i n  t h e  bracket w i l l  always give a cont r ibu t ion  t o  
t h e  Doppler s h i f t  due t o  e l ec t rons  i n  the  neighborhood of t h e  vehicle .  
That t h i s  is  not  so i s  e a s i l y  shown by a simple example. Consider t he  
case of a spherical ly  s t r a t i f i e d ,  t ime-invariant  medium i n  which the  
vehicle  moves along a surface of constant p. Snell's l a w  f o r  such a 
medium i s  given by 
i s  the  l e v e l  of p = 1. From Eqs. (ll) and (12) w e  have where p1 1 
A A  
But rev i n  t h i s  example i s  equal  t o  v s i n  x; then from Eq. (13) 
This equation shows t h a t  the  Doppler s h i f t  i s  a measure of e lec t ron  con- 
t e n t ,  since, as shown by Weekes [Ref .  21, s i n  x, i s  r e l a t e d  t o  N dh. 
This re la t ionship  could have been shown much more easily i f  we had used 
Eq. (9 )  instead of Eq. (U) i n  t h e  example above. F r m  Eq. ( 9 ) ,  with 
dc/dt = 0, and a spher ica l ly  s t r a t i f i e d ,  t ime-invariant,  i s o t r o p i c  
medium w e  obtain 
which shows the dependence of Af on the  in t eg ra t ion  
a l o c a l  value of it. 
dP (15) 
of p r a t h e r  than 
harmoni - 
f 2  If one considers now a t ransmi t ted  higher-frequency 
ca l ly  r e l a t ed  t o  fl, i .e.,  f = rn f where m, here assumed t o  be 
2 1' 
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greater tnan uni ty ,  i s  the r a t i o  of two in tegers ,  then one can establish 
an expression f o r  t he  instantaneous received Doppler s h i f t  Mh by 
m e a s  of Eq. (9); as 
I n  the  propagation experiments with rocke ts  as pioneered by Seddon 
[Refs. 3 and 41 the  beat frequency or  d i f f e r e n t i a l  Doppler is  obtained 
by mult iplying the  lower frequency 
t h e  higher frequency fh. 
have in s t ead  divided t h e  higher frequency by 
wi th  the  lower frequency t o  obtain t h e  beat .  
by m and heterodyning it wi th  
f Q  
In  the work with satellites, some workers 
m and then combined it 
L e t  p1 and p2 represent  t he  ind ices  of r e f r ac t ion  of t he  lower 
and higher frequencies;  then, multiplying Eq. (9) by m and sub t r ac t ing  
t h e  r e s u l t  from Eq. (16), one obtains an expression f o r  t h e  bea t  f r e -  
quency 'b, commonly ca l l ed  d i f f e r e n t i a l  Doppler: 
f b  = Afh - mAfj 
r 
Equation (17) was obtained without any approximations other  than 
r e s t r i c t i o n  t o  two dimensions. The extension t o  t h e  three-dimensional 
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case  c m  be accomplished without much d i f f i c u l t y .  I n  t h e  experiment t o  
be s tud ied  we wish t o  determine which of t h e  terms dominates t h e  o t h e r s  
i n  Eq. (17). In  the  case of rocke ts  i n  e s s e n t i a l l y  v e r t i c a l  t r a j e c t o r -  
ies,  t h e  f i rs t  term i s  usua l ly  much l a r g e r  than  t h e  sum of t h e  t h r e e  
i n t e g r a l s ;  i n  t h e  case of a geostat ionary s a t e l l i t e  t h e  second term i s  
t h e  preponderant one; and i n  t h e  case of common s a t e l l i t e s  i n  near -  
c i r c u l a r  o r b i t s  t h e  last two i n t e g r a l s  are much l a r g e r  than  t h e  sum of 
t h e  f irst  two terms. Now w e  s h a l l  analyze t h e s e  cases  sepa ra t e ly  i n  a 
more de t a i l ed  manner. 
I n  rocket experiments, when t h e  zeni th  angle  X i s  s m a l l ,  one can 
assume t h a t  t h e  rays  of bo th  waves coincide with t h e  s t r a i g h t  l i n e  of 
t h e  range R, and t h a t  
(de/&) = o 
and 
Thus, from Eq. (17) we obta in  
The frequencies a r e  conveniently chosen t o  be much higher  than  t h e  
plasma frequency of t h e  medium given by f = (2K1N)lI2, where 
K = 40.3 mks u n i t s  and N i s  t h e  e l e c t r o n  dens i ty .  Normally, one can 
use the  quasi- longi tudinal  approximation [Ref. 51 t o  t h e  i n d i c e s  of r e -  
f r a c t i o n  (ordinary and ex t raord inary)  i n  t h e  absence of c o l l i s i o n s ,  i. e. ,  
i n  t h e  usual notat ion,  
C 
1 
= 1 - KIN/fl 2 (1 [fJfl]) (P l )o ,x  
L' is  a l s o  higher  than f fl because 
The difference between t h e  ind ices  of r e f r a c t i o n  of t h e  two waves 
f l  and mf i s  e a s i l y  deduced from (19) as 1 of frequencies 
SEL-62 -OB0 - 6 -  
where a i s  def ined by 
0,x 
From Eqs. (18) and (20)  and the  approximations 
We may write t h e  equation used i n  t h e  rocket experiments 
The i n t e g r a l  t h a t  appears i n  Eq. (23)  i s  usua l ly  very s m a l l  i n  com- 
par i son  with t h e  first term of the second member, and i s  the re fo re  
t r e a t e d  as a cor rec t ion  term. For rocke ts  which a t t a i n  he igh t s  of only 
a f e w  hundred kilometers,  one can d is regard  the  i n t e g r a l  i n  Eq. (23),  
while  
irl.  t h e  neighborhood of t h e  vehicle 
dR/dt i s  not  c lose  t o  zero, and determine t h e  e l ec t ron  dens i ty  
(#I, 
Equations (23)  and (24) w i l l  be discussed f u r t h e r  i n  reviewing t h e  
papers  about propagation experiments with rockets .  
In  t h e  case of a geostationary [Ref. 61 or synchronous s a t e l l i t e ,  
one may again use Eq. (l7), noting t h a t ,  wi th  t h e  exception of t h e  sec-  
ond term, a l l  o the r s  may be disregarded; then 
For su f f i c i en t ly  high frequencies  ( f l  >> f ), and consider ing t h a t  
C 
t h e  r e s u l t a n t  b e a t  depends on an i n t e g r a t i o n  as shown above, then  one can 
s impl i fy  Eq. (23) by assuming a common path f o r  both s i g n a l s  and w r i t e  
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Combining Eqs. (20) ,  ( 2 3 ) ,  and (26)  and consider ing a constant  he ight  
fo r  t h e  s a t e l l i t e  w e  ob ta in  
Thus i n  t h i s  p a r t i c u l a r  case, t he  ordinary o r  t he  extraordinary 
d i f f e r e n t i a l  Doppler w i l l  provide a measurement of t h e  time r a t e  of 
change of the t o t a l  e l ec t ron  content.  
Final ly ,  f o r  t h e  case of s a t e l l i t e s  with o r b i t s  of s m a l l  eccen- 
t r i c i t y ,  one may again use Eq. (l7), where t h e  f i r s t  term of the  r i g h t -  
hand s ide ,  i . e . ,  
i s  a very small cont r ibu t ion  t o  the  t o t a l  of t h e  second member, when the  
s a t e l l i t e  i s  not  near  t h e  poin t  of c l o s e s t  approach, because t h e  radial 
component of v e l o c i t y  i s  small. If the  s a t e l l i t e  i s  we l l  above t h e  
l e v e l  of maximum ion iza t ion  
s m a l l  quant i ty .  The second term, 
(u2 - u ) i s  a l s o  a 1 t he  d i f f e rence  Nmax’ 
i s  small because the  time of observation of t h e  s a t e l l i t e  i s  usua l ly  t e n  
minutes o r  l e s s ,  i n  which case one may consider t h e  medium as time- 
i n v a r i a n t  if t h e  observat ions a r e  not  around sunr i se  o r  sunset .  The 
t h i r d  term is  r e l a t e d  t o  t h e  ho r i zon ta l  g rad ien ts ,  as c a ~ l  be seen if one 
considers  the high-f requency and common -path approximations with 
2 = 1 - K N/fl. Then 
p 1  1 
5 
PO 
= (mK1/cfl) (1 - 1 / m 2 )  J s ee  x ( a N / a Q )  (&/at)  dp. 
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__. with t'nese same approximations one can see t'nat t'ne Last term of EQ. (i7j 
i s  propor t iona l  t o  the  e l ec t ron  content 
In  view of t he  complexity of Eq. (17) as described i n  t h e  previous 
paragraph w e  s h a l l  develop a more s u i t a b l e  approach f o r  t h e  case of 
satellites i n  o r b i t s  of small eccent r ic i ty .  
Considering again Eqs. ( 6 ) ,  ( 7 ) ,  and (8) w e  may wr i t e  f o r  t he  lower 
frequency, 
r 
and a l s o  f o r  t he  higher frequency, 
Dividing t h e  Doppler s h i f t  of the higher frequency by t h e  f a c t o r  
combining it with t h e  Doppler s h i f t  of the  lower frequency, one obta ins  
t h e  bea t  frequency 
m, and 
o r  
Equation (31) can be in t eg ra t ed  with respec t  t o  time, r e s u l t i n g  i n  
5 
PO 
I fb  d t  + c = (f1/c) J h2 sec - cL1 sec  xl) dp (32)  
where C i s  an unknown constant of in tegra t ion ,  and t h e  i n t e g r a l  of t h e  
f irst  member can be e a s i l y  obtained by merely counting t h e  cycles  of the  
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bea t .  By adding and sub t r ac t ing  (p cos 5) t o  the  in tegrand  of 
Eq. (32) and rear ranging  terms, we obta in :  
1 
o r  
- - E = E (1 - [E2/E1]). 
2 1  = El 
( 3 3 )  
(34) 
Note t h a t  the comon-path assumption has not  been made f o r  t he  two s i g -  
na l s .  Normally t h e  higher  frequency i s  such t h a t  see  x can be calcu-  
2 
l a t e d  along t h e  l i n e  of s i g h t  or range 
i n t e g r a l  of Eq. (33) satisfies the  fol lowing i n e q u a l i t i e s  
R. Note a l s o  t h a t  t he  last  
r 
where S1 and S are t h e  geometrical  l eng ths  of t h e  rays  and R i s  
t h e  range. 
2 
Now we w a n t  t o  show t h a t  t h e  magnitude of t h e  e r r o r  
e E ( E ~ / E ~ )  < (sl - R ) / E  1 -  = A 
incur red  by disregarding the  i n t e g r a l  E i n  Eq. (34) i s  very s m a l l .  
For s impl ic i ty  of computation, assume a sphe r i ca l ly  symmetric l a y e r  with 
a d i s t r i b u t i o n  f o r  N as shown i n  Fig. 1. 
2 
Consider a l s o  the  high-frequency approximation with 
m = 6 (Trans i t  s a t e l l i t e s ) ,  and a s a t e l l i t e  i n  a c i r c u l a r  o r b i t  a t  
fl = 54 Mc 
and 
t h e  he ight  
A, parametric i n  
hs = p2 - po. For t h i s  example we can obta in  t h e  values  f o r  
as a func t ion  of t h e  zeni th  angle a t  t h e  observer 
NIIlaxJ 
as shown i n  Fig.  2. 
X O  
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F I G .  1 .  D I S T R I B U T I O N  U S E D  F O R  
C A L C U L A T I O N  O F  (Si - R ) / E 1 *  
F I G .  2 .  ERROR A AS A F U N C T I O N  O F  Xo, P A R A M E T R I C  I N  N, , , ,  
F O R  T H E  F R E Q U E N C Y  OF 5 4  M c ,  A N D  U S I N G  T H E  D I S T R I B U T I O N  
G I V E N  I N  F I G .  1. 
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It can be shown [Ref. 71 t h a t ,  with a f la t - ionosphere approximation, 
-2 
fl t h e  value of A i s  propor t iona l  t o  
Thus one can e s t a b l i s h  a boundary i n  t h e  value of e r r o r  e which 
one i s  wi l l ing  t o  t o l e r a t e  by simply l i m i t i n g  t h e  cone of observation of 
t h e  s a t e l l i t e  t o  a convenient m a x i m u m  x f o r  a given Nmax 
Equation (34) can be r ewr i t t en  t o  read 
5 
PO 
8 (P, - 
From Eqs. (20) 
content  I( t),  
and (37), we obta in  an expression f o r  t h e  t o t a l  e l ec t ron  
from t h e  ground t o  t h e  height  of s a t e l l i t e  
hS 
h 
o r  
h 
where cos x i s  a weighted average value, usual ly  ca l cu la t ed  from t h e  
%* satel l i te ' s  ephemerides at  t h e  l e v e l  of Nmax, i .e.,  cos x = cos 
For "Transit" s a t e l l i t e s  ( f  = 54 Mc and m = 6) with zeni th  angles  
smaller than 60 deg, Eq. (39) can be w r i t t e n  
1 
The constant of i n t eg ra t ion  C i n  Eq. (40) can be e s t ab l i shed  e i t h e r  by 
means of least-squares  bes t - f i t  approximations [Ref. 71 o r  by combining 
t h e  d i f f e r e n t i a l  Doppler information with simultaneous Faraday r o t a t i o n  
measurements [Ref. 81, 
SEL-62 -080 - 1 2 -  
Ill. SUMMARY Ob' U l b ' P ' ~ ~ N ' I ' l f U  O Y Y M  M.U%5UHl!DENl73 
WITH THE AID OF ROCKETS 
Year 
Rocket measurement of e lectron d e n s i t i e s  u t i l i z i n g  d i f f e r e n t i a l  
Doppler was started by Seddon [Ref. 31 a t  t h e  Naval Research Laboratory 
as e a r l y  as 1946. 
ments performed s ince then, w i t h  t he  mentioned process.  











Aerobee H i  
(Russian) 








m MEASUREMENTS w: 
Frequencies 
(Mc) 
4.27 and 25.62 
7.75 and 46.30 
7.73 and 46.50 
24, 48 and 144 
7.73 and 46.50 
12.27 and 73.62 
?H ROCKETS 
References 
3 7  4 
9, 10 
11 
I 2  
13 
14, 15 
Figures  3 and 4 show t y p i c a l  r e s u l t s  of e l ec t ron  d e n s i t i e s  from two 
flights, 
E 
of t h e  type ARGO D-4. 
the  f i r s t  with an Aerobee H i  [ R e f .  111 a t  a time when sporadic-  
w a s  present ,  and t h e  second [Ref. 141 with a h igher -a l t i tude  rocket  
Equation (24) w a s  used i n  the analyses  of t h e  data obtained i n  t h e  
e a r l y  experiments [Refs. 3, 4, and 91 with t h e  approximation 
i . e . ,  a = (1 i fL/fl). Equation (23) was used i n  l a t e r  experiments 
with t h e  inc lus ion  of roll correction. Jackson and Bauer [Ref. 141 i n -  
cluded a cor rec t ion  f o r  obl iqui ty  of t h e  t r a j e c t o r y  of t h e  rocket  as 
shown i n  Fig. 4. 
t h e  ordinary and extraordinary beat f requencies ,  t hus  e l imina t ing  t h e  
roll e f f e c t s ,  s ince  t h e  individual  ordinary and extraordinary bea t  f r e -  
quencies have equal  bu t  opposite roll correc t ions .  
p2 = 1, 
0,x 
They a l s o  [Ref. 151 based t h e i r  ana lys i s  on t h e  sum of 
A summary of the  r e s u l t s  obtained i n  experiments with rocke ts  and 
s a t e l l i t e s  has  been wr i t t en  by Seddon [Ref. 161, i n  which he d iscusses  
measurements of e l ec t ron  dens i t ies ,  e lec t ron-dens i ty  gradients ,  sporadic- 
E and spread-F, Some parameters involved i n  t h e  formation of t he  iono- 
sphere and presents  an extensive bibliography on t h i s  subjec t .  




W +$ 0 
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1 Uirr ' e ren t ia i  Doppler measurements up t o  one eart'n rad ius  w i t h  rocke ts  a r e  planned f o r  t h e  near  fu ture ,  i n  which case t h e  v a r i a t i o n s  of 
t h e  ionosphere below the  vehic le  must always be taken i n t o  considerat ion 
i n  order  to a r r i v e  n t  r e l i a b l e  l o c a l  e lec t ron-dens i ty  da ta .  Correc- 
t i o n s  f o r  t h i s  time v a r i a t i o n  can be made with t h e  procedure ou t l ined  by 
Bauer and Jackson [ R e f .  151. 
a l t i t u d e  e lec t ron-dens i ty  measurements i n  i n f e r r i n g  the  s t r u c t u r a l  par -  
ameters of t he  e a r t h ' s  ou te r  atmosphere i s  shown by Bauer i n  R e f .  17. 
I 
The p o t e n t i a l  importance of t hese  high- 
I 
Present ly ,  d i f f e r e n t i a l  Doppler experiments with rockets  s t i l l  a r e  
one of the  most accura te  sources of e lec t ron-dens i ty  p r o f i l e s  of t he  
ionosphere. The b e s t  r e s u l t s  a r e  obtained i n  a f a i r l y  q u i e t  ionosphere 
and f o r  t h a t  p a r t  of t h e  t r a j ec to ry  i n  which the  vehic le  has a substan- 
t i a l  v e r t i c a l  ve loc i ty .  Other techniques a r e  required i n  order  t h a t  
measurements may be made under a l l  ionospheric  condi t ions and u t i l i z i n g  
t h e  whole f l i g h t  path. See,for instance,  t h e  simultaneous measurement 
of e l e c t r o n  dens i ty  made by d i f f e r e n t i a l  Doppler and RF impedance-probe 
techniques reported by Kane e t  a1 [Ref. 131. 
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N. DIFFERENTIAL DOPPLER MEASUREMENTS 
W I T H  THE A I D  OF SATELLITES 
It has previously been shown, Eq. (40), t h a t  t h e  e l ec t ron  content  
I ( t )  In  t h e  ex- 
periments with rockets,  t h e  constant of i n t e g r a t i o n  C i n  Eq. (40) can 
e a s i l y  be determined because e i t h e r  t h e  bea t  starts from zero below t h e  
ionosphere (Fig.  3 ) ,  implying C = 0, o r  one may use t h e  information 
about 
can be obtained by i n t e g r a t i o n  of t h e  bea t  frequency. 
Nmax from ionosondes f o r  f i t t i n g  purposes, as shown i n  Fig. 4. 
With s a t e l l i t e s ,  t he  problem of determining the  constant  C i s  
not  as simple. 
and 40 Mc fram Sputnik 111, obtained C by making use of t h e  geometry 
of t h e  sa t e l l i t e -obse rve r  system, ionosphere height  and s lopes of t he  
d i f f e r e n t i a l  Doppler frequency p lo t .  
cu la ted  C and the re fo re  I ( t )  using a model ionosphere ( s p h e r i c a l  
symmetry assumed) f o r  b e s t  f i t  between the  acquired da ta  and ca l cu la t ed  
values.  
simple and s t ra ightforward process t h a t  can be used i n  the  absence of 
ho r i zon ta l  gradients .  
Ross [Refs. 18 and 191, us ing  t h e  t ransmissions a t  20 
G a r r i o t t  and Nichol [Ref. 201 c a l -  
Garr io t t  and Bracewell [Ref. 211 a l s o  have presented a very 
Another method f o r  ob ta in ing  the  constant  C i s  t h e  one which com- 
b ines  the  simultaneous measurements of Faraday r o t a t i o n  angle and d i f f e r -  
e n t i a l  Doppler as descr ibed i n  Refs. 8, 22, 23, 24, and 25. This method 
i s  der ived from the  r e l a t i o n  t h a t  can be e s t ab l i shed  between t h e  Faraday 
r o t a t i o n  angle R and t h e  d i f f e r e n t i a l  Doppler measurements. This r e -  
l a t i o n s h i p  can e a s i l y  be found by consider ing the  high-frequency approxi- 
mation f o r  the Faraday r o t a t i o n  angle [Ref. 261, 
h 
(41) 2 R = (K2/fl) EL i," N sec  x dh 
- 
where 
f i e l d  along t h e  ray and K2 i s  a constant  (2.97 mks u n i t s ) .  Con- 
s ider ing ,  now, Eqs. (38) and (41), one can e l imina te  t h e  f a c t o r  
HL 
i s  a weighted average of components of t h e  e a r t h ' s  magnetic 
SEL-62 -080 
h i," N sec x 
- 16 - 
and obtain the  r e l a t ion  
and t one can f i n d  C from Eq. (42) ,  
b' For two d i f f e ren t  times, ta 
i.e., 
c = [(K1z/K2) ('b - "a) - ( i i ~  f b  d t ) t  = t 
b 
where the  weighted average values f o r  
271 and the  other  terns are measured quant i t ies .  
p r a c t i c a l  purposes, i f  the  antenna systems used are  l i n e a r  [ R e f .  281 i n  
the  case of high-frequency approximation, we have 
can be computed [Refs. 8 and 
Note t h a t  f o r  a l l  
Under these circumstances, t he  received beat f 
approximately an average between the ordinary and the  extraordinary 
beats .  Reference 28 presents,  i n  d e t a i l ,  the  influence of the  presence 
of t he  e a r t h ' s  magnetic f i e l d  i n  the  d i f f e r e n t i a l  Doppler measurements. 
has a value which i s  
b 
We s h a l l  here b r i e f l y  describe the  process used i n  R e f .  7 f o r  de- 
termination of the constant C. Rearranging terms i n  Eq. (40),  w e  
rewri te  as 
( J  f d t  + C )  = (Klz/cfl) sec & I(t) .  b (45) 
From the  time der ivat ive of Eq.  (45) one obtains 
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There w i l l b e  a time t = t a t  which sec  )& assumes a minimum value,  
then 
C 
Considering Eq.  (46) and (47), one can e s t a b l i s h  
and def ine  a t h e  b e a t  f r e q u e u y  a t  t he  time 
t C  
an average value of 
constant  K, 
This constant K can be obtained from the  d i f f e r e n t i a l  Doppler da t a  as 
shown i n  Fig. 5,  where t h e  expression Doppler s h i f t  o f f s e t  [ R e f .  211 
b / ~  i s  equal t o  (fb/B). 
We can now, us ing  Eq. (46), def ine  a func t ion  
t h e  b e a t  frequency i f  d I /d t  were a constant  with value K. 
Fb which would be 
or, s u b s t i t u t i n g  I( t)  from the  expression given i n  Eq. (40), 
Fb = (Klz/cfl) 
Forming the  sum of 
b e a t  and Fb, at a 
Except f o r  C, a l l  
t he  squares of t he  d i f f e rences  between t h e  measured 




S = C(Fb - f b )  . 
t h e  q u a n t i t i e s  involved i n  t h e  right-hand s ide  of 
Eq. (51) are  known. 
l i s h  a value of C t h a t  minimizes S def ined  above, and t h i s  value of 
C 
determination of t h e  e l ec t ron  content I ( t ) .  Figure 6 shows I( t)  ob- 
t a ined  with t h i s  process [Ref. 71 f o r  a northbound passage of t h e  satel- 
l i t e  T r a n s i t  2-A, observed from Stanford,  Cal i forn ia .  The po in t  of 
c l o s e s t  approach (PCA) of t he  s a t e l l i t e  was at  O7h 23m 32s (LMT), a t  a 
height  of h = 1064 and h = -10 m / s .  
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With the  a i d  of a d i g i t a l  computer one can es tab-  
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F I G .  5 .  M O R N I N G  P A S S A G E  O F  T H E  S A T E L L I T E  T R A N S I T  2 - A  ON 2 9  J U L Y  1 9 6 0 ,  
WHEN I R R E G U L A R I T I E S  I N  ELECTRON D I S T R I B U T I O N  ARE WEAK. T H E  D O P P L E R  
S H I F T  O F  T H E  3 2 4 - M c  C H A N N E L  I S  A L S O  SHOWN [ R e f .  7 1 '  
WHILE CLOSE TO APOGEE (is = - 2 0  m / s ) ,  SHOWING DOPPLER SHIFT OFFSET 
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F I G .  6 .  E L E C T R O N  C O N T E N T  A N D  D O P P L E R  S H I F T  O F F S E T  A S  A F U N C T I O N  O F  
T I M E  ( t i  I N  S E C O N D S  FROM P C A )  F O R  A N O R T H B O U N D  P A S S A G E  O F  T H E  
S A T E L L I T E  T R A N S I T  2 - A  W I T H  P C A  A T  0 7 h  2 5 m  3 2 s  ( L M T )  ON 2 3  J U L Y  
1 9 6 0  [ R e f .  7 1 .  
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A. SHORT-TIME VAXIATIONS I N  I( t ) 
Varia t ions  of e l ec t ron  content with time a r e  always observed [Refs. 7, 
and 201. A s  t h e  speed of t he  s a t e l l i t e  i s  much higher  than t h e  d r i f t  
v e l o c i t i e s  t o  be expected, these  v a r i a t i o n s  a r e  assumed t o  be s p a t i a l  
va r i a t ions .  Figure 7 d isp lays  the r e s u l t s  obtained by G a r r i o t t  and 
Nichol [Ref. 201 f o r  a s a t e l l i t e  a t  an average he ight  of 170 km. 
E-region v a r i a t i o n s  are a f e w  percent i n  magnitude and have a ho r i zon ta l  
ex ten t  of t he  order  of 50 - 200 kin. Although t h e  v a r i a t i o n s  i n  content  
are q u i t e  small, they give rise t o  l a r g e  v a r i a t i o n s  of the  bea t  frequency 
as already shown i n  Fig. 6 f o r  the case of a much higher  s a t e l l i t e .  
There i s  some evidence [Ref. 71 t h a t  t h e  smaller  i r r e g u l a r i t i e s  are more 
conspicuous a f t e r  sunr i se  than they a r e  i n  t h e  r e s t  of t he  day, and a l s o  
they seem t o  be a l igned  with t h e  magnet ic-f ie ld  l i n e s .  
These 
B. HORIZONTAL GRADIENTS 
of t h e  The i n t e r s e c t i o n  of t he  ray with a s h e l l  a t  he ight  h 
m a x i m u m  e l ec t ron  dens i ty  i s  ca l led  t h e  ionospheric  point ,  and t h e  pro- 
j e c t i o n  of t h i s  po in t  on t h e  ground i s  t h e  subionospheric point .  When 
I(%) i s  combined with the  information about t he  pos i t i on  of t h e  s a t e l -  
l i t e ,  as a func t ion  of time, one can determine t h e  e l ec t ron  content  as 
a func t ion  of t h e  l o c a l  time (LT) and t h e  l a t i t u d e  of t h e  subionospheric 
po in t .  
t h e  procedure above and u t i l i z i n g  d a t a  acquired on magnetically q u i e t  
days. It i s  pointed out  i n  Ref. 7 t h a t ,  f o r  t he  region under considera- 
t i o n  (geomagnetic l a t i t u d e  i n  the  range 37 - 50 deg N ) ,  t he  south-north 
grad ien t  a t  midday and t he  east-west grad ien t  a t  sunr i se  o r  sunset ,  are 
of t h e  same order  of magnitude, i .e . ,  about 25 percent  v a r i a t i o n  i n  
1 N dh 
Note t h a t  t he re  i s  a l so ,  i n  Fig. 7, a s i g n i f i c a n t  ho r i zon ta l  gradient ,  
with an inc reas ing  e l ec t ron  content toward t h e  south. 
max 
The average values  presented i n  Fig.  8 were obtained fol lowing 
f o r  two subionospheric points  separated by a d is tance  of 1000 km. 







r )  
b - . ~ . . ' - - ' - . ' . .  I . . N - .  1 A . l  
0 0 . 3 0  1.00 I. 3 0  2.00 2.30 3.00 3.30 4.00 
TIME (minutes : seconds) 
FIG. 7 .  D E D U C E D  VARIATIONS O F  ELECTRON CONTENT WITH THE POSITION 
OF THE SATELLITE DURING FIVE LOW PASSAGES OF 1 9 5 8  8 2 ,  IN MARCH 
1 9 6 0 .  THE VERTICAL BARS INDICATE THE TIMES O F  CLOSEST 
APPROACH, i . e . ,  FROM TOP TO BOTTOM, 1 3 0 7 ,  1 1 4 1 ,  1 1 4 1 ,  1 1 3 9 ,  
AND 0 9 3 1  PST [Ref. 201' 
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C .  DIURNAL AND DAY-TO-DAY VARIATIONS 
Day-to-day v a r i a t i o n s  i n  e l ec t ron  content, i n  magnetically q u i e t  
Ross [Ref .  181 reported periods, have been observed by many workers. 
v a r i a t i o n s  which may be as l a r g e  as f 20 percent from t h e  mean and re- 
marked upon t h e  f i d e l i t y  with which they were reproduced i n  t h e  lower- 
ionosphere data.  
+ - 15 percent from t h e  mean, most of t h e  t i m e ,  and a l so  observed t h a t  
t h e r e  were a few cases i n  which I ( t )  va r i ed  as much as 50 percent  
from t h e  average on magnetically q u i e t  days. 
de MendonFa [ R e f .  71 observed v a r i a t i o n s  of about 
Figure 9 shows a po r t ion  of t h e  d i u r n a l  v a r i a t i o n  of e l e c t r o n  con- 
t e n t  f o r  3 closely spaced l a t i t u d e s  [ R e f .  71, as a funct ion o f  t h e  l o c a l  
t i m e  of t he  subionospheric po in t .  The northbound passages of t h e  sa te l -  
l i t e  were a t  an average height of 1000 km, and t h e  southbound passages 
were between 660 and 750 km. 
by t h i s  difference i n  height  (660 t o  1000 km) 
t he  t o t a l .  In t h e  case of an a-Chapman l aye r ,  with a s c a l e  height  of 
100 km, the  difference i n  content f o r  t h e  two given heights  would be 
about 10 percent of t h e  t o t a l  content.  
i n  Fig. 9, the midday e l e c t r o n  content i n  October would be higher than 
i n  midday August, apparently due t o  seasonal e f f e c t s .  
The d i f f e rence  i n  e l e c t r o n  content caused 
i s  small i n  r e l a t i o n  t o  
Even with t h i s  co r rec t ion  appl ied 
D. MAGNETIC DISTURBANCES AND ELECTRON-CONTENT VARIATIONS 
A t e n t a t i v e  r e s u l t  has been obtained by Ross [Ref. 181, namely t h a t  
f o r  summer months, t he  e l e c t r o n  content v a r i e s  i n  an inverse manner with 
t h e  planetary magnetic index K as observed from a geomagnetic l a t i t u d e  
of approximately 53 deg N. 
P’ 
Figures 10 and 11 show measurements made i n  t h e  geomagnetic l a t i t u d e  
range of 39 - 47 deg N (32 - 41 deg N geographic), during dis turbed con- 
d i t i o n s .  The r e s u l t s  shown i n  Fig. 10 display a marked increase i n  
e l e c t r o n  content from t h e  mean f o r  q u i e t  days, f o r  tkie lower l a t i t u d e s .  
The r e s u l t s  shown i n  Fig. 11 present  decreases i n  content f o r  tkie e n t i r e  
range of the l a t i t u d e s  surveyed. 
ho r i zon ta l  gradients i s  common t o  both cases. 
However, an inc rease  i n  t h e  north-south 
Combining t h e  value of I ( t )  a t  t h e  po in t  of c l o s e s t  approach of the  
s a t e l l i t e ,  i .e . ,  I ( O ) ,  and t h e  c r i t i c a l  frequency foF2 obtained a t  t h e  
SEL-62 -080 - 24 - 
s s c  tt=e a& -,lace, 
I(o)/N,,,. 
magnetic index. This tendency implies t h a t  decreases i n  Nmax 
accompanied by increases  i n  t h e  layer thickness.  
b,sts$.hylish the P,@..rl,.hylp~t Ccllay height 
This quant i ty  tends t o  l a r g e r  values for increasing geo- 
a re  
- 25 - SEL-62 -080 
t------ 






W w w u  
zel 
ucl 




p c w  
w x  x w  a 
mLr 
0 0  z o n  
n z  m w  
3 
rnn z w u  
5: 
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F I G .  1 0 .  EFFECTS OF THE MAGNETIC STORM OF 16 AUGUST 1 9 6 0  ON THE ELECTRON CON- 
TENT JN d h  MEASURED I N  A SOU'IHBOUND PASSAGE OF THE SATELLITE 1 9 6 0  n1. 
O b s e r v e  t h e  s u b s t a n t i a l  i n c r e a s e  i n  t h e  n o r t h - s o u t h  h o r i z o n t a l  g r a d i e n t  c a u s -  
e d  by a " p o s i t i v e  d i s t u r b a n c e .  f o r  t h e  l o w e r  l a t i t u d e s .  The d a s h e d  l i n e  r e -  
p r e s e n t s  t h e  a v e r a g e  I ( t )  a r o u n d  noon f o r  d a y s  w i t h  Ap< 2 5  i n  Aug. 1 9 6 0 .  
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VI. CONCLUSIONS 
The d i f f e r e n t i a l  Doppler technique, with harmonically r e l a t e d  f re-  
quencies t ransmi t ted  t o  o r  from rockets  or  satell i tes,  can provide 
accura te  information about e lectron dens i ty  o r  e l e c t r o n  conten t  of t h e  
medium. 
t h e  morphology of t he  ionospheric processes.  
The knowledge of these  q u a n t i t i e s  i s  valuable  f o r  understanding 
The q u i e t  and t h e  d is turbed  ionosphere are both  g rea t ly  dependent 
on l a t i t u d e ;  i n  view of t h i s  f a c t ,  s ince  satel l i te  measurements can be 
be made a l l  over the  world f o r  long per iods of t i m e ,  they have obvious 
advantages over o the r  types  of ionospheric measurements t h a t  a r e  made 
a t  s p e c i f i c  loca t ions .  
Prospects f o r  t he  near  fu ture  a r e  worldwide d i f f e r e n t i a l  Doppler 
measurements using the  forthcoming Ionosphere Beacon S a t e l l i t e  i n  a 
c i r c u l a r  po lar  o r b i t ,  t h e  Eccentric Orbi t ing Geophysical Observatory, 
sa te l l i tes  of t he  Trans i t  s e r i e s ,  Geostationary S a t e l l i t e ,  e tc . ,  which 
w i l l  t r ansmi t  two or  more harmonically r e l a t e d  radiowaves. 
This propagation technique may also f i n d  app l i ca t ion  i n  t h e  f u t u r e  
explora t ion  of t h e  ionosphere o f t h e  o the r  p l ane t s  by means of space 
probes. 
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